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a b s t r a c t
All geological models are subject to several kinds of uncertainty. These can be classiﬁed into three different
types: data imprecision and quality, inherent randomness and incomplete knowledge. With our approach,
we address uncertainties introduced by input data quality in complex three-dimensional (3D) models of
subsurface structures (geological models). As input data, we consider parameters of geological structures, i.e.
formation and fault boundary points and orientation measurements.
Our method consists of ﬁve steps: construction of an initial geological model with an implicit potential-ﬁeld
method, assignment of probability distributions to data positions and orientation measurements, simulation
of several input data sets, construction of several model realisations based on these simulated data sets and
ﬁnally the visualisation and analysis of the uncertainties.
We test our approach in two generic models, a simple graben setting and a complex dome structure. The ﬁrst
model shows that our approach can evaluate uncertainties from different structures and their interaction.
Furthermore, it indicates that the ﬁnal uncertainty of the model is not simply the sum of all input data
uncertainties but complex interactions exist. The second example demonstrates that our approach can
handle full three-dimensional settings with overturned surfaces.
Results of the uncertainty simulation can be visualised and analysed in several ways, ranging from borehole
histograms to uncertainty maps. For complex 3D visualisation and analysis, we use indicator functions. When we
apply these, we can treat the visualisation of uncertainties in complex settings in a self-consistent manner.
With our simulation method, it is possible to analyse and visualise the uncertainties directly introduced by
imprecision in the input data. Our approach is intuitive and straight-forward and suitable in both simple and
complex geological settings. It enables detailed insights into the model quality, even for the non-expert. In cases
where a geological model is the basis for geophysical simulation, it opens-up the way to geological data-driven
ensemble modelling and inversion.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Three-dimensional models of the subsurface structure (geological
models) require quality estimation for interpretation and further use. To
date, no comprehensive 3D approach exists to assess uncertainties in a
geological model (Turner, 2006). Here, we present a statistical simulation
method aiming to assess and communicate the accuracy of complex 3D
geological models based on uncertainties in the input data. As input data,
we denote here data typically used for structural modelling, i.e. contact
points for formation and fault surfaces and orientation measurements.
Our uncertainty evaluation differentiates itself from previous
approaches (e.g. Thore et al., 2002; Tacher et al., 2006; Bistacchi et al.,

2008; Suzuki et al., 2008) since we do not consider a probabilistic measure of the quality of the raw data in the ﬁnal model. Rather, we directly
simulate the effect of data uncertainty in full 3D. This complements and
extends typical geostatistic procedures (e.g. Chilès and Delﬁner, 1999;
Deutsch, 2002) and is a ﬁrst step towards 3D geological inversion.
Our technique is based on a recent geological modelling method
(Calcagno et al., 2008; Guillen et al., 2008). Their method allows
model construction directly from input data, once all parameters are
deﬁned. It also incorporates geological laws and is capable of
dealing with complicated geological settings like domes and
overturned folds (Fig. 1).
1.1. Structural modelling methods
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3D structural modelling usually aims to create a digital model
representing the geometry of structures in the subsurface, from a
microscale to a crustal scale. The modelling is typically based on
different types of data like boreholes, geological maps or seismic
reﬂection surveys.
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Fig. 1. Simple and complex geological settings in a modelling sense; (a) normal faulting in a layer-cake model, e.g. a basin setting; no complications for elevation surface modelling
methods, (b) reverse faulting, e.g. an inverted basin; due to the reverse faulting, formations are doubled at some locations, (c) overturned fold; again, the folded formation exists at
more than one (x,y) point in space; the same applies for (d) a salt dome or magmatic intrusion.

There are several approaches to the construction, modelling and
representation of geological objects. These approaches mostly differ in
the details of their interpolation of data and in their ability to represent complex structures in 3D. Several common approaches represent
geological structures as elevation surfaces (see Fig. 1a). Here, one
point on a surface is associated to a speciﬁc reference (u, v), for
example a geographic position. The coordinates of the point are
calculated with functions (usually polynomial) for each coordinate
direction, e.g. x = f1(u, v), y = f2(u, v), z = f3(u, v). In these cases, the
surface can be imagined as a plane that can be completely projected
onto the ﬂat reference plane. These interpolation methods are sometimes referred to as 2.5D methods (e.g. MacEachren et al., 2005; Wu
et al., 2005; Bistacchi et al., 2008; Caumon et al., 2009). However, the
term 2.5D can be ambiguous as it is also used to describe methods
where the geology is deﬁned in a section (e.g. a X–Z-section) and with
extrusion perpendicular to it (in Y-direction) as done for section
balancing (e.g. Galera et al., 2003; Moretti, 2008) or geophysical
modelling (e.g. Sander and Cawthorn, 1996; Malengreau et al., 1999;
Truffert et al., 2001).
Geostatistical approaches can be applied (e.g. Goovaerts, 1997;
Chilès and Delﬁner, 1999), allowing for more geologically reasonable
results. A drawback of these techniques is their difﬁculty in handling
some complex geological structures such as reverse faulting (Fig. 1b),
overturned folding (Fig. 1c), or the complexities of doming structures
(Fig. 1d). For such structures, approaches that can handle structures
independent of their orientation are required. One common
approach is the construction of triangulated irregular nets (TINs).
The geological structure is interpolated explicitly between deﬁned
points and it is possible to model any type of structure. These surface
methods are implemented in a variety of software packages (e.g.
Turner, 2006; Howard et al., 2009; Kessler et al., 2009; Wycisk et al.,
2009). Similar approaches have been developed for direct volume
construction using Voronoï cells (Courrioux et al., 2001). However,
for complex structures, closely spaced sections and a high data
density are required.
Implicit function techniques overcome some of these limitations.
In such techniques, geological surfaces are represented as isovalues
of certain functions deﬁned everywhere in space. The functions are
constructed from the locations and attitudes of measured data
points, along with other external constraints (e.g. Mallet, 1992;
Lajaunie et al., 1997; Frank et al., 2007). These methods are
commonly used in various geological modelling packages. Speciﬁcally, for our uncertainty simulations, we apply the implicit
function approach that is based on an interpolation of a harmonic
potential ﬁeld (Lajaunie et al., 1997; Calcagno et al., 2008). This

approach enables the fast construction of a model directly using
position and orientation data. This is described in more detail
below (Section 2.2).
1.2. Uncertainties in structural modelling
Almost all types of geological data are subject to several sources
of uncertainty (e.g. Mann, 1993; Davis, 2002). These include
measurement inaccuracies, sampling limitations, insufﬁcient sample
numbers, imperfect concepts and hypotheses, the need for simpliﬁcations, heterogeneity, inherent randomness and many others.
These different types of uncertainties can be broadly separated into
three categories (Cox, 1982; Mann, 1993; Bárdossy and Fodor,
2001): (1) imprecision and measurement error, (2) stochasticity,
and (3) imprecise knowledge.
We adapt the classiﬁcation of Mann (1993) to the case of structural
modelling. Typical examples are presented in Fig. 2:
Type 1 (error, bias, and imprecision): uncertainty in all types of
raw data that are used for modelling, like the position of
a formation boundary or the orientation of a structure
(Fig. 2a).
Type 2 (stochasticity, and inherent randomness): this commonly
shows up as the uncertainty in interpolation between (and
extrapolation from) known data points (Fig. 2b).
Type 3 (imprecise knowledge): applies to incomplete and imprecise
knowledge of structural existence, general conceptual ambiguities and the need for generalisations (Fig. 2c).
In the current literature, a comprehensive treatment of all types of
uncertainties in 3D structural geological modelling is still lacking.
Type 1 uncertainties can be handled with geostatistical methods for
simple structures (Chilès and Delﬁner, 1999). Even when the gross
uncertainties have been reduced with seismic data, the remaining
uncertainty affects the resulting models (e.g. Thore et al., 2002;
Glinsky et al., 2005). But to date, there is no method to evaluate the
inﬂuence of different data uncertainties, including orientation
measurements, in complex geological settings.
Uncertainties of Type 2 have been addressed with a variety of
statistical and geostatistical methods (Chilès and Delﬁner, 1999;
Deutsch, 2002; Davis, 2002, and others). Uncertainties of Type 3 are
more difﬁcult and sometimes impossible to evaluate (e.g. Mann,
1993; Bárdossy and Fodor, 2001).
Generally, all three types of uncertainties can be addressed by the
formulation of a suitable inverse problem. With the method presented
here, we are concentrating on Type 1 uncertainties, based on error, bias
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Fig. 2. Adapting the classiﬁcations of Mann (1993) to the uncertainties in structural modelling; (a) interpretation of a geological formation boundary based on ill-deﬁned input data
points (i.e. where the contact position itself is uncertain) and resulting uncertainty in the interpreted boundary, (b) uncertainty of interpolation between and extrapolation away
from known data points, (c) incomplete knowledge of structures in the subsurface, e.g. does a fault exist or not.

and imprecision. But the method is equally suitable to analyse special
cases of Type 3 uncertainties (see Discussion and Appendices A).
2. Materials and methods
2.1. Method overview
We deﬁne geological uncertainties in the following section as
uncertainties based on the position, orientation, and interpretation of
contextual geological information and data. We also explicitly
investigate the inﬂuence of raw data uncertainties on the model
quality while assuming that the applied interpolation is correct
(see Discussion).
Our procedure to simulate uncertainty in a model is simple
and straightforward. It can generally be separated into ﬁve steps
(see Fig. 3):
Step 1. Construction of an initial 3D geological model. This model is
considered as the best possible model that can be constructed
using all available input data (formation and fault positions
and orientation measurements). All relevant modelling
parameters are deﬁned in this model (e.g. model extent,
geographic projection, and digital elevation model) as well as
the fault network and the stratigraphy.
Step 2. Identiﬁcation of the input data quality and assignment of
probability distributions. This can be based on either direct
observations or statistical inference and educated guess (see
below). Both data positioning and orientation uncertainties
can be considered.
Step 3. Simulation of several input data sets based on the raw data in
the initial model and the assigned probability distributions of
the previous steps.
Step 4. Construction of multiple geological model representations
with the simulated input data sets.
Step 5. Visualisation, processing and analysis of results.
All important steps are described in detail below.

2.2. Construction of the initial geological model
The initial model is the starting point for our analysis. We apply
an implicit potential-ﬁeld approach for the geological modelling
(Lajaunie et al., 1997). The interpolation itself is based on universal
cokriging (Chilès et al., 2004). It is implemented in the software
GeoModeller/Éditeur Géologique developed by BRGM and Intrepid
Geophysics (http://www.geomodeller.com). In two recent publications, Calcagno et al. (2008) and Guillen et al. (2008) describe all
relevant features. The method has been applied in complex geological
settings (e.g. Martelet et al., 2004; Maxelon and Mancktelow, 2005;
Joly et al., 2008) and produces reasonable geological models based on
limited input data (Putz et al., 2006).
The main advantage of this approach is that geological models
are created based directly on the geological contact and orientation
data — once the model is setup and structural and stratigraphic
relationships are deﬁned (Calcagno et al., 2008). It is thus possible to
regard a geological model ℳ solely as a computed function C of the
input data set k as
ℳ = Cðk1 ; k2 ; …; kn Þ = CðkÞ:

ð1Þ

The components ki of the input data set can be any one coordinate
x, y or z of a boundary point P(x, y, z) or the location or attitude
parameters (azimuth φ and dip θ) of a structural measurement O(x,
y, z, φ, θ) for both formations and faults.
The ability to directly model the effect of a changed or augmented
input data set – even in complex geological settings while honouring
deﬁned stratigraphic relationships and fault systems – makes this
approach an ideal tool for our uncertainty simulation.
2.3. Probability distributions for input data
The next step is identifying uncertainties and assigning probabilities to the model input data set k. Geological and geophysical
data used for modelling are never absolutely accurate (e.g. Davis,
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Therefore, probability distributions sometimes have to be assigned
based on heuristic knowledge and educated guess.
In our uncertainty simulation, we consider the positions of
bounding points and orientations of bedding or other planar elements
in formations and faults. These points and orientations can be derived
from any type of data (outcrop observations, seismic data, and
boreholes).
In many geological situations, it is reasonable to express the
uncertainty as a normal distribution with a standard deviation σ
around an expected value μ (e.g. Davis, 2002). A typical case is that the
contact between two formations in a drillhole or outcrop is not easily
recognised (see Fig. 4a).
In our approach, we usually assume the expected value of the
probability distribution to be the data value of ki of the initial model.
The probability distribution for a value ξi drawn from this population
is then
ðξi −ki Þ2
2σ 2 :

−
1
pðξi Þ = pﬃﬃﬃﬃﬃﬃ e
σ 2π

ð2Þ

But even if a normal distribution is commonly used, other
statistical distributions may also be reasonable in geological circumstances. A continuous uniform distribution should be used where all
points in a ﬁnite interval are equally probable. This might be the case
when a contact between two formations is not outcroping or when a
segment is missing in a drillhole (see Fig. 4b), expressing the notion
that there is no reason to assume that a boundary located at one point
is more likely than at another. The probability distribution for one
point ki with an uncertainty range of a in both directions can then be
described as
8
< 1 for k −a≤ξ ≤k + a
i
i
i
pðξi Þ = 2a
:
0 for all other cases:

ð3Þ

Another typical case is that some discrete points are possible
positions for one data point. In this case, a probability αi can be
assigned to every possible discrete value such that
∑ αi = 1:

ð4Þ

i

Fig. 3. Simpliﬁed work-ﬂow for the ﬁve steps of our approach: (1) Initial model
construction from formation boundary position and orientation measurements and (2)
deﬁned probability distributions are used to (3) simulate different data sets for (4)
multiple model realisations. These are then processed to (5) analyse and visualise
model uncertainties.

2002). Uncertainties range from the position at the surface to the
estimation of dip angles at depth. All types of uncertainty have a
speciﬁc effect on a 3D model depending on model scale and
complexity. An uncertainty of 10 m may be irrelevant in a model
at regional scale but signiﬁcant for a high-resolution local-scale
model.
Every geologist is well aware of the raw data problems
encountered when constructing maps and cross-sections. Geophysicists know of similar problems, for example when processing
seismic data. It may be possible to derive a probability distribution
directly from repeated measurements, for example for variation of
dip and strike in orientation measurements. For example, Bistacchi
et al. (2008) present some considerations about uncertainty
quantiﬁcation related to faults and folds when observed in the
ﬁeld. Other aspects of uncertainties in raw data have also been
analysed, e.g. for seismic processing (Thore et al., 2002; Glinsky et
al., 2005) and for the problem of geological complexity (Tacher et
al., 2006). Still, a general quantitative treatment of uncertainties in
the context of structural modelling is not available to date.

An example is the determination of a geological contact out of a
wireline well-log (e.g. gamma-ray log). Often, an uncertainty exists of
which peak in the log might correspond to the exact contact even if
every peak itself is well deﬁned (see Fig. 4c). If, for example, there are
two possible positions for one parameter, with a probability of
α1∈[0, 1] for the ﬁrst position (which can be the position in the base
model, ki) and a probability of α2 = 1 − α1 for the second position
(with an offset of b to ki), we can describe the discrete probability
distribution as
8
< α1
pðξi Þ = α2
:
0

for ξi = ki
for ξi = ki + b
for all other cases:

ð5Þ

In other cases, a combination of the above described probability
distributions might be required, for example a normal distribution
for two different mean values at two possible, but inexact, positions
along the well-log. Another distribution which is applicable for
some types of geological data is the lognormal distribution (e.g.
Davis, 2002).
Special care has to be taken for the implementation of dip and
azimuth uncertainties. For simple cases with small angular changes
not too close to 0° and 90°, a statistical distribution like the ones
discussed above can be used. In more complex cases, a spherical
distribution should be applied (Fisher, 1953; Davis, 2002).
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Fig. 4. Examples of problems for the direct determination of a formation boundary and possible probability distributions, e.g. in a drillhole: (a) contact is gradual: normal
distribution, (b) contact itself is missing or its position is uncertain: continuous uniform distribution, (c) two (or more) discrete positions for a contact are possible: discrete
probability distribution.

2.4. Simulation of different input data sets
After the initial model is set up and uncertainties of orientation
and contact data are evaluated, we can start the simulation of new
input data sets. This is performed in a straight-forward way:

The n realisations of the model all represent possible subsurface
models given the initial model and assigned data probability
distributions. We can now use statistical methods to analyse and
display the model uncertainties.
2.5. Analysis and visualisation

Step 1. We use our initially created base model ℳbase and its data
set kbase as starting point for our simulation (see Section
2.2). This base input data set consists of surface and
boundary positions of formations or faults, and the position
and attitude of structural measurements. All or a subset of
these values can be changed. All modelling parameters (e.g.
model space, formations, etc.) are kept during the
simulation.
Step 2. For every simulation run ν of a total number of simulations n,
we create a new model data set kν where every data point ki,ν
of the set kν represents a random sampling from its associated
probability distribution
ki;ν = pðξi Þ

ð6Þ

Step 3. We repeat step 2 to create n new data sets. The number of
created data sets depends on the required level of signiﬁcance
for the analysis and the available computation power (see
below).
Step 4. We compute a geological model ℳν for every simulated data
set:
ℳν = Cðkν Þ

ð7Þ

Step 5. After creating these different models, we can compare model
results or process the models for visualisation.
The simulation workﬂow is implemented in a python module to
process the original input data structure and create new input data
sets that can directly be recomputed. The workﬂow itself is also
suitable for computational parallelisation. The complete uncertainty
simulation process would then only take slightly longer than a
normal model run.

The choice of methods to analyse and visualise the simulated
uncertainties depends on the complexity of the geological setting, the
model conﬁguration, and the further use of the model. We can
distinguish between an overall visualisation of the model uncertainties, the analysis of uncertainty of a speciﬁc model feature and the
processing of all model realisations to further simulation and
inversion tools.
Different approaches to visualise location uncertainties have been
proposed and discussed in literature (see MacEachren et al., 2005, for
an extensive review). These approaches are mainly developed for map
representations. Similarly, Viard et al. (2007) have developed
techniques to represent uncertainties in stratigraphic grids, speciﬁcally suited for geological and petrophysical parameters. Still, even if
displayed in 3D, these analyses are only suitable for elevation surface/
2.5D situations.
Most of these visualisation concepts can be extended for 3D
analyses, for example maximum likelihood, multiple realisations and
multinominal probability ﬁelds (Goodchild et al., 1994). We present
here the application of standard approaches and propose speciﬁc
adaptations to 3D setting.
A useful method is to display the results of all model realisations
simultaneously (e.g. Goodchild et al., 1994; MacEachren et al., 2005).
For example, it can be convenient to plot all simulated formation top
surfaces in one cross-section or map. This delivers a good ﬁrst insight
into the effect of uncertainty on the model. A similar possibility is to
plot all model realisations along a virtual drillhole at a location.
Simple analyses of the uncertainties can be based on these
visualisations. For example, we can evaluate the min/max surfaces
of formations and plot them into cross-sections, map-views and along
virtual drillholes. We can extend this into three dimensions and
calculate the min/max envelope surfaces of all realisations.
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Further analyses and visualisations are possible using statistical
evaluations. One suitable analysis is the determination of the median
for a modelled structure, e.g. a formation top, out of all realisations.
Assuming a normal distribution of a simulated surface, it is
furthermore possible to calculate a mean surface and the standard
deviation at every point in space.
In simple cases where the structure can be treated as an elevation
surface (Fig. 1a), it is convenient to visualise these analyses in a map
view (e.g. MacEachren et al., 2005). But if the structural setting of the
model is more complex, this is no longer possible and we need special
procedures to analyse and visualise uncertainties. One suitable
method is the use of indicator functions as the basis for further
analyses. The indicator function of a formation F is a subset of the
whole model space deﬁned as

IF ðxÞ =

for x ∈ F
for x ∉ F

1
0

ð8Þ

for all points x in the model domain. For practical reasons, we can
quantize every model realisation onto a grid and calculate the
indicator function for every grid cell G. For the n simulated models,
we thus obtain n indicator ﬁelds IFv(G) for every modelled formation.
This formal deﬁnition allows for a wide range of further analyses. For
example, the minimal and maximal extent of a structure in its
discretised grid form can be expressed as indicator ﬁelds IFmin and IFmax
and directly be calculated as
IFmin ðGÞ = ∏ IFk ðGÞ

ð9Þ

k∈n

and


IFmax ðGÞ = 1− ∏ 1−IFk ðGÞ :

ð10Þ

k∈n

Where (1 − IFk(G)) is the complement of the indicator function.
We can also use the indicator functions to derive an indicator
probability function PF(G) [0, 1] for every formation in space. This
function contains probability estimates for the formation represented
by the indicator at every location and can be derived from the mean
value of the local indicator functions as
PF ðGÞ = ∑

k∈n

IFk
n

:

ð11Þ

This deﬁnition is similar to the multinominal probability ﬁeld
deﬁnition of Goodchild et al. (1994). The result is a scalar ﬁeld in
three dimensions and we can use it to derive a contour of a probability
threshold for one formation, e.g. the 95% probability to encounter a
formation. This can be visualised as an isosurface in 3D or as 2D
isolines in a section.
We can use the probability indicator ﬁeld for a more detailed
analysis of accuracy. The gradient of this ﬁeld, ∇PF, is a vector ﬁeld
pointing out the main direction and rate of change at every point in
space. If we take the absolute value of this vector ﬁeld
AF = t∇PF t

ð12Þ

we obtain an estimate in full 3D space about the total rate of change in
the probability ﬁeld. Coming back to our goal, i.e. the identiﬁcation of
accuracy in the model, we can interpret the derived scalar ﬁeld AF as:
• High values ⇒ steep gradient in the indicator probability ﬁeld ⇒
high probability to encounter the boundary of formation F
• Low values ⇒ shallow gradient in the indicator probability ﬁeld ⇒
low probability to encounter the boundary of formation F.

If we apply this method to all formations, it gives us a direct
indication of the overall accuracy in the whole model domain.
Another possible evaluation of uncertainties in more complex
cases is to analyse a speciﬁc feature of the model, for example the
volume of a modelled formation. One way to calculate the total
volume of a formation is again based on the indicator functions
deﬁned above (Eq. (8)). We can estimate the total volume of a
formation as the sum over all grid cells multiplied by the grid cell
volume:
n
o
VFν ≈ ∑ IFν ðg ÞV ðgÞ :
g∈G

ð13Þ

Taking the volume of all simulated models for one formation, we can
perform further statistical evaluations, plot volume histograms for all
realisations or use these results directly in business models that rely
on an estimate of this property, for example ore tonnage.
3. Results
We apply our method to two generic 3D geological models. The
ﬁrst model is a typical example of a graben structure with tabular
sedimentary formations cut by normal faults. This is a simple setting
(in a modelling sense) and all analyses and visualisations can be
performed on an elevation surface basis (see Fig. 1a). The second
example is a dome structure, and is more challenging in both
modelling and visualisation as complex relationships between
structures exist (see Fig. 1d).
Both examples are common geological structures. Even if
simpliﬁed for the purposes of this work, they are ideal to demonstrate
the relevant steps in our uncertainty evaluation, possible applications,
and challenges of analysing and visualising the results.
For a detailed description of all aspects concerning the modelling
itself, please refer to Calcagno et al. (2008).
3.1. Simple graben model
3.1.1. Model setup
With our ﬁrst example, we want to demonstrate the application of
our uncertainty evaluation in a simple 3D geological model. The
geological setting is a graben structure with non-planar normal faults
cutting and displacing sub-horizontal sedimentary formations
(Fig. 5). In terms of modelling, this is an elevation surface setting
that could be treated with many typical modelling methods (see
Section 1.1). All data are deﬁned in two cross-sections (insets in Fig. 5)
which could, for example, be derived from seismic cross-sections. The
contact points are at the top surface of a formation or fault, structural
symbols indicate orientation of faults and geological surfaces at these
positions. General modelling settings are that the formation surfaces
of the sedimentary pile are sub-parallel. The model stratigraphy
consists of four onlapping formations, Formation 1 (oldest) to
Formation 4 (cover layer, transparent in Fig. 5). Both faults are
inﬁnite in extent and affect all formations. The model covers an area of
2000 m in East–West direction, 1500 m in North–South and has a
depth of 1000 m from the surface.
3.1.2. Simulation parameters and settings
After the initial model is constructed, we can introduce uncertainties for the input data (contact points and orientations) in the crosssections. In this simple case, we want to consider two types of
uncertainties:
1. The depth of the formation surface: assuming that we obtained
the basic information for our cross-section from a 2D seismic line,
it is reasonable to infer an error in the exact depth of a formation
(e.g. due to an inaccurate time–depth conversion). This error is
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Fig. 5. Evaluation Model 1: simple graben setting, sedimentary sequence cut by two
faults; data are deﬁned in the cross-sections (insets).

similar for all data points of one formation and we assume that it
increases with depth.
2. The lateral extension of the formations: we can assume that the
dip of the fault surfaces deﬁned in the 2D section is subject to an
error perpendicular to the section as we do not have any other
information about it.
We could also include further uncertainties, speciﬁcally the
position of the faults at the surface and the position of the orientation
measurements. But we intentionally kept this example simple to
highlight the interaction of the above described uncertainties.
In a real geological model, the imprecision that would be assigned
to the data can be identiﬁed directly from the source (see Section 2.3)
or estimated with an educated guess, ideally supported by additional
information (like the general geological setting, etc.). In this model,
we assign a normal distribution (Eq. (2)) to the data points. As an
estimate for the mean value of the distribution, we take the data value
of the initial model. The assigned standard deviations for the
distribution are noted in Table 1. For these example models, we
perform 20 simulation runs.
3.1.3. Analysis and visualisation of results
A ﬁrst good insight into the effect of uncertainties on the model
can be obtained if we plot all surface intersections on one crosssection (Fig. 6a). As expected, the surfaces of all simulated models
vary most for the bottom formation (Formation 1) which had the
largest standard deviation. Another representation that provides a
quick and easily interpreted visualisation is a histogram view of
surface occurrences in a virtual well (Fig. 6b). We determine the depth
value of all simulated surfaces at one location and plot these in
histogram view. This can, for example, be used to communicate model
uncertainties at a proposed drilling location.

Fig. 6. Visualisation of results for Evaluation Model 1, simple visualisation: (a)
visualisation of multiple models within one cross-section; (b) Histogram of formation
depth along virtual wells.

We can extend the analysis of our results into a map view. This is
possible in this case since we have a geological setting which can be
represented with elevation surfaces and at every geographical point,
there is only one surface point at depth (see Fig. 1a). If we analyse all
simulated surfaces of one formation statistically, assuming a normal
distribution of results, we can determine the standard deviation of
the simulated surfaces in a map view. Fig. 7a shows an example of
this method for Formation 3, projected onto the mean of all
simulated surfaces. We can see that the areas of highest uncertainties
correspond to the intersections of the formation surface with faults
in the model as, of course, we would expect in this simple case. Still,
it is important to note that the standard deviations exceed the input
standard deviations (10 m for Formation 3). This can also be
visualised in a histogram of local standard deviations (Fig. 7b) and
is mainly due to the high ﬂuctuations around the faults. The analysis
shows how different uncertainties interact in the model: the
uncertainty in the resulting model is not simply equal to the
standard deviation (or any other probability distribution) in the
input data.
3.2. Doming structures

Table 1
Estimations of the standard deviation assigned to the data in the graben model.
Formation
Formation
Formation
Formation
Formation
Fault E
Fault W

1
2
3
1

Data type

Direction

Stdev

Surface contact point
Surface contact point
Surface contact point
Orientation
Orientation
Orientation

Depth (z)
Depth (z)
Depth (z)
Dip angle
Dip direction
Dip direction

30 m
20 m
10 m
5°
5°
10°

3.2.1. Model setup
With the second model, we apply our approach to a more
complex situation, both in the geological setting and in the
interpretation of the results. We model a doming structure (for
example a salt dome or a magmatic structure, called dome unit in
the following) that is cutting through a sequence of sub-horizontal
formations (for example a sedimentary sequence). This setting is
more complex than the previous one as the boundary of the doming
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Fig. 7. Map-based statistical analysis for elevation surface structures: (a) contour plot of standard deviations of all simulated surfaces for top of Formation 3, projected onto the
mean of these surfaces; the standard deviation increases signiﬁcantly around the faults above the input value of 10 m; this is also visible in (b) a histogram of standard
deviations at all map positions: the distribution is skewed towards higher values.

structure is overturned and may be a multivalued function at each
location, i.e. the formation boundary is present more than once
along a vertical line (see Fig. 1d for a schematic view and Fig. 8 for a
representation of the example model). We now have the case of a
full three-dimensional geological setting. This model extends
1000 m in the East–West, the North–South, and also in the depth
direction. Fig. 8 shows a 3D visualisation of this model and the two
orthogonal cross-sections where input data points and orientations
are deﬁned.
3.2.2. Simulation parameters and settings
In this example, we want to evaluate the application of our
method to the complex doming structure. We are thus only
changing the parameters affecting the dome unit. Also, we assign
the same probability distributions to all points and orientation
measurements (see Table 2). Again, we perform 20 simulation
runs.
3.2.3. Analysis and visualisation of results
Processing the results is not as simple as in the ﬁrst model since we
are now dealing with a full 3D setting. We can still plot all modelled
realisation surfaces as lines within a section but the representation

and analysis in a depth-to-surface plot (as in Fig. 7a) or similar map
views are no longer feasible.
We thus use here the indicator function methods introduced above
(Section 2.5). In this case, we export all simulated models into a
regular (voxel) grid with cell dimensions of 20 × 20 × 20 m. We then
apply Eq. (8) to all simulations of the dome unit and obtain 20 discrete
indicator functions. Taking the sum of all functions at each cell
(Eq. (11)), we derive an indicator probability estimate for the dome
unit (based on these 20 simulations) as a scalar function in 3D,
describing the probability that the dome exists at this grid cell.
We can visualise these estimates in cross-sections or as isosurfaces
of probability in 3D. Fig. 9a shows the surface contour of the minimal
extent and maximal extent of all simulated domes. In the crosssection, isolines of different probability values are plotted. As both
visualisations are based on the same scalar function, they are
completely self-consistent.
The analysis above provides an estimate of the probability to have
a unit at any one point in space. Still, in many cases, it is important to
know where the boundary of a unit is. Therefore, we apply Eq. (12) to
derive the absolute value of the gradient of this ﬁeld. This provides a
measure of the probability to encounter a boundary (Fig. 9b) with
high values indicating high probability.
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Fig. 8. Evaluation Model 2: complex full three-dimensional dome structure; data are
deﬁned in two orthogonal cross-sections (insets).

A further possibility would be to analyse a speciﬁc model feature,
for example the different volumes for all simulated dome models,
using Eq. (13).
4. Discussion
We have shown that it is possible to quantitatively evaluate
uncertainties in 3D geological modelling that are introduced by
imprecision in different types of input data. The main feature of our
analysis is that we perform all simulations based on statistical
manipulations (i.e. sampling from the distributions) of the input
data. These can be orientation measurements and formation or fault
contact points. Such data usually are the basis for all types of
structural geological modelling, from observations in the ﬁeld, to
those in a drillhole or those indirectly interpreted in a seismic proﬁle.
Assigning uncertainties to these data types is thus close to geological
thinking. The same applies to the complete workﬂow which is simple
and straight-forward, starting from an initial model, creating several
model representations and ﬁnally comparing them. We think that this
is an important step to enable a 3D uncertainty estimation and
interpretation of geological models for the non-expert in an intuitive
way.
The approach is simple, intuitive and still applicable in both
structurally simple and complex geological models. As our simulation
is based on the full 3D potential-ﬁeld interpolation method (Lajaunie
et al., 1997; Calcagno et al., 2008), we are not limited to structural
settings where only one value can be deﬁned at every location as in
the case of elevation surface/2.5D representations (see Fig. 1a and the
approaches of Thore et al., 2002; Turner, 2006; Bistacchi et al., 2008;
Suzuki et al., 2008). In the two presented examples, we have shown
how we can apply the method to a simple graben-type setting and to a
complicated dome structure. These models are kept simple to show
the application of the method. Still, the uncertainty simulation can be
applied to all cases where the implicit potential-ﬁeld approach can be
used for modelling. Complex modelling examples have been preTable 2
Estimations of the standard deviation assigned to the data in the dome model.
Formation

Data type

Direction

Stdev

Dome unit
Dome unit

Surface contact point
Orientation

Depth (z)
Dip angle

20 m
5°
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sented in the literature (e.g. Maxelon and Mancktelow, 2005; Putz et
al., 2006; Calcagno et al., 2008; Joly et al., 2008). The advantage of our
method is that it is not limited to a speciﬁc geological setting and that
the workﬂow itself is always performed in the same way.
The main difference in the application of our approach for simple
and complex settings is the visualisation and analysis of the results.
Simple visualisation techniques, like representation of all simulated
surfaces in one section or map view and occurrence histogram of a
surface intersection in a drillhole can directly be applied in many cases
(see example in Fig. 6). A statistical analysis of the simulation results
can be applied, for example to estimate the maximum and minimum
extent or mean and standard deviation of a surface at depth (Fig. 7).
In complex settings, the results of the uncertainty simulation can
be visualised with the use of indicator functions in full 3D. The dome
model (Section 3.2) is an example where this method is used to
visualise the maximum change of models in the simulation run,
highlighting the areas of highest uncertainties. These visualisation
techniques can be extended to include all formations of a model and
to derive further measures, like the minimum and maximum extent
(Fig. 9a) or the probability to encounter the boundary (Fig. 9b) of a
modelled formation. They can also directly be used to represent the
uncertainties in the volume estimation for one formation (Eq. (13)).
This is of great interest in many exploration situations. The use of
indicator functions is a powerful method to analyse and visualise
uncertainties in complex settings.
Limitations of our method are mainly related to the geological
modelling technique itself. The modelling can become slow when
very large data sets are used. In these cases, it could be reasonable to
subdivide the model range into smaller areas for the uncertainty
simulation. Still, since our approach is ideal for parallel implementation, the whole uncertainty estimation will, when optimized and
performed on a suitable computer, only take minimally longer than
one model run.
As our method is primarily targeting uncertainties in the input
data (i.e. uncertainties of Type I, Fig. 2a), the analysis is mainly
representative of areas where data are available. In-between and
away from data points an additional uncertainty exists, the problem of
correct interpolation and extrapolation (Type II, Fig. 2b). This
uncertainty is strongly related to the modelling interpolation
technique. For the implicit potential-ﬁeld interpolation that we
apply, this uncertainty has been evaluated by Aug (2004) and Chilès
et al. (2004). Uncertainties due to incomplete geological knowledge
(Type III, Fig. 2c) are very hard to assess but could partly be integrated
into our simulation, e.g. the existence of a fault could be included on a
probabilistic basis (see Appendices A). Thus, even if our method is
currently mainly focused on Type 1 uncertainty – the imprecision of
the raw data – it can be combined and extended to other types for a
comprehensive evaluation of model uncertainty.
Apart from the applications of our method described above, the
presented examples also suggest that it is important to analyse
uncertainties introduced by the input data and their inﬂuence on each
other. The analysis of results for Model 1 in Fig. 7a shows how the
uncertainty of the dip direction of the faults and the formation tops
interact. The resulting uncertainty for the formation tops exceeds the
assumed input standard deviation signiﬁcantly in this simple example
(Fig. 7b). We thus conclude that it is not sufﬁcient to assign a simple
statistical measure to a simulated surface, derived from input data
distributions, but that it is important to consider all input data
uncertainties and their interaction. Our method provides a possibility
to achieve this.
In addition to the visualisation of uncertainties, the simulated
models can also be used directly as an input for further simulation
and inversion techniques. It is common practice to use a 3D
structural model as an input for geophysical simulations, like stressﬁeld analyses or ﬂuid and heat ﬂow studies. And even though it is
accepted that the geological basis model itself is a major source of
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complex 3D settings in any geological environment. And as we
perform all simulations directly based on parameterised structural
measurements, the effect of every single measurement can be
analysed. Our structural uncertainty measure is also quite distinct
from other lithological uncertainty measures where the focus is
classically laid on inversion of properties assigned to grid cells (e.g.
Guillen et al., 2008) with respect to assigned properties based on
geophysical observations (e.g. magnetics and gravity) but does not
incorporate the parameterised uncertainty of the structural measurements themselves. We call this classical method geophysically
based inversion whereas ours would be more correctly labelled as
geologically based inversion. Both techniques complement each
other and can be used in tandem. In this sense, our method opensup the way to a uniﬁed geological and geophysical data-driven
ensemble modelling and inversion.
Our uncertainty simulation scripts will be distributed free of
charge for all scientiﬁc purposes. Please contact the corresponding
author for a copy of the program and further information. An
evaluation license for the software GeoModeller is available on the
website http://www.geomodeller.com.
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Appendix A. Inverse Problems, Conditional Simulations, and
Uncertainties for Models of the Class Considered in this Paper

Fig. 9. Visualisation of results for Evaluation Model 2, complex structures: (a)
representation of minimal and maximal extent of the dome unit for all simulated
models; the analysis is performed using indicator functions, the indicator sum is a
measure of the probability to encounter the unit in a cell (b) gradient magnitude of the
indicator ﬁeld in (a), calculated with Eq. (12); this provides a measure of the probability
to encounter the unit boundary in full 3D.

uncertainty in these simulations (e.g. Subbey et al., 2004; Caumon
et al., 2009), it is usually not evaluated. With our method we can
directly use a variety of different model realisations as input. We
are thus respecting the possible uncertainties in the geological
model for further simulations. The geophysical simulations can then
be performed in the light of the quality of the geological model. For
example, we plan to use the created range of models as a direct
input for geothermal simulations.
This type of combination of structural modelling with other types
of complex data (e.g. ﬂuid ﬂow simulations) has been identiﬁed by
Caumon et al. (2009) as an important direction of current research.
For example, Suzuki et al. (2008) proposed a method to use
reservoir production data to identify possible structural interpretations. Our approach is similar to this method on a conceptual level.
But whereas Suzuki et al. (2008) and other approaches (typically
implemented in oil exploration and production software) concentrate on structural modelling derived from seismic data, our
approach is suitable to all types of input data, including orientation
measurements. Also, our method is not limited to typical sedimentary settings as encountered in oil exploration but suitable for

The method described in this paper is closely related to the
formulation of the “forward part” of an inverse problem for the
interpolation. It is also similar to the technique of conditional
simulation of geostatistics (e.g. Chilès and Delﬁner, 1999). We make
these analogies more precise here.
We assume a set of pre-deﬁned functions that we apply to
perform the interpolation, speciﬁcally the harmonic potential-ﬁeld
method (Lajaunie et al., 1997). Other functions are related to the
functional form of the variogram for conditional simulation in
geostatistics, the Radial Basis Functions for interpolation or the
Green's functions used to specify a Boundary Value Problem. If we
denote those pre-deﬁned functions of position by fi(x), then the
subscript i indexes the admissible set of functions, and x is the
position vector at which the interpolation is evaluated. There are
some additional parameters to consider:


fi x; kj ; αk ; βℓ :
Here, the kj parameterise the set of positions and attitudes of
control points (e.g. the depth and orientation of a contact between
geological units in a borehole, see also Section 2.2). The quantities
αk are members of the set of additional parameters of the
interpolation function (e.g. a parameterisation of the range, sill,
and nugget effect in a geostatistical variogram). Finally, the βℓ
parameterise a partitioning of space inside of which the individual
fi are valid, like the compartments between faults.
The difference between the present work and that of Chilès and
Delﬁner (1999) and Aug (2004) is that we vary the kj (Eqs. (1),
(6)), and they vary the αk. Neither study has attempted to vary the
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βℓ, but any combination of these variations for the forward problem is
valid. Additionally, either an inverse problem or a geostatistical
conditional simulation could be formulated to vary any or all of the fi,
kj, αk, and βℓ, or indeed any other appropriate parameter.
For concreteness, with reference to Section 1.2 and Fig. 2, we
identify uncertainties in the kj as uncertainties of Type 1, uncertainties
in the αk as those of Type 2, and uncertainties in βℓ as those of Type 3
following the classiﬁcation of Mann (1993).
Appendix B. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.tecto.2010.04.022.
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